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Abstract
The scalar and vectorial self energies obtained through QCD sum rules are introduced in the Quantum
Hadrodynamics (QHD) equations. This mixing between QHD and QCD can reproduce the nuclear
matter properties and shows us that the ratio of coupling constant by the respective meson mass is
approximately independent of the density. This last result permits to extend the Brown-Rho scaling
law to include the coupling constants. Then a test is made with a finite nucleus.
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In the last years the hadrons properties in the nuclear medium have been deserving a crescent interest. The
changes in hadrons properties can be the precursory of a QCD phase transition and are an indicative of the quark
substructure. So many authors have investigated the in-medium behavior of masses and coupling constants using
different alternatives, from purely hadrons to QCD models. All that interest was promoted by the success of Quantum
Hadrodynamics (QHD) [1] in which the nuclear matter and nuclei are composed of point-like nucleons interacting
through the exchange of point-like mesons.
We know that the QCD must be the correct theory of strong interaction, so there are several possibilities found
in the literature to extend the QHD idea with the intention of relating QCD and nuclear phenomena. One of these
possibilities is the development of effective field theories (EFT) whose effective Lagrangian is built taking into account
the symmetries and other constraints of QCD [2–5]. The prototype of these models is the chiral perturbation theory.
A second possibility is the quark meson coupling where the mesons couple directly to a quark inside a nucleon
described by the MIT bag model [6–8]. This procedure yields an effective Lagrangian which has a form just as in
QHD with coupling constants dependent on density. In fact, a third possibility goes in that direction and it uses purely
hadronic models with coupling constants dependent on density [9–12]. So it is interesting to discuss the behavior of
these coupling constants with the density using a more fundamental theory, in other words QCD. However, there is
not a perturbative treatment for QCD at energies involved in nuclear matter problems. Therefore in this work the
nonperturbative method of QCD sum rules, that was introduced by Shifman, Vainshtein, and Zakharov in the late
1970’s [13], will be used.
The idea is to use the QCD sum rules to obtain the scalar and vector self-energies in the medium [14] and relate
them to the in-medium properties of scalar and vector mesons, respectively. Then the in-medium behavior of the
ratios between coupling constant and the respective meson mass are obtained and an extended Brown-Rho scaling
law may be conjectured.
First let us briefly summarize the calculation of the QHD I model [1] that includes nucleons (ψ) interacting with
σ and ω mesons. The Lorentz covariance and invariance under parity and time-reversal determine the form of the
self-energy that can be written as
Σ = Σ(s) + Σ(v) 6 u+ Σ(q) 6 q. (1)
In the Hartree approximation we have Σ(q) → 0, and both Σ(s) and Σ(v) are real. The self-energies can be obtained




























where gs and gv are the mesons coupling constants, γ is the spin-isospin degenerescence, kF is the Fermi momentum,
E∗F and M
∗are the energy and mass of a nucleon immersed in the medium and M , ms and mv are the nucleon,
σ-meson and ω-meson free masses, respectively. The expressions (2) and (3) provide us the in-medium values of the







other hand, if we can determine the self-energies by another method, we can obtain the in-medium values of these
ratios. With this idea in mind, the self-energies will be obtained under a more fundamental point of view, involving
quarks and gluons degrees of freedom. In order to do this, the QCD sum rules method will be used.
The QCD sum rules method [13] begins with the following time-ordered correlation function, defined by
Παβ(q) ≡ i
∫
d4x eiq·x〈0|T [ηα(x)η¯β(0)] |0〉 , (4)
where |0〉 is the physical nonperturbative vacuum state and ηα(x) is an interpolating field with the quantum numbers














where u and d are the quark fields, a, b, c are the color indexes, C is the charge-conjugation matrix and t is an
arbitrary real parameter. The choice t = −1 corresponds to Ioffe’s current [15]. In agreement with reference [16] the
best choice is t = −1.1. Now the correlation function can be written as an operator product expansion (OPE) whose
nonperturbative part (condensates) can be separated from the perturbative one (Wilson coefficients).
The same correlation function, Eq. (4), can be written in a phenomenological way. In other words, the correlator
has a hadronic description through the nucleon Green function. The match of the theoretical side (OPE) and the
phenomenological one is the essence of the QCD sum rules. Using the fundamental state of the nuclear matter as














































































In spite of a self-consistent relationship not to be obtained as in Eq. (2), these expressions have a more fundamental
nature based on quarks and gluons degree of freedom. Here MB represents the Borel mass with value near
√
1GeV2
[15], and Ti(i=2,4,6) are placed in the expression to take into account the continuum contribution and they are given
by
T2 ≡ 1− es0/M
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where s0 is a sharp threshold of the continuum. There are also the definitions of the following terms:
c1 = 7 − 2t − 5t2 and c2 = 5 + 2t+ 5t2.
The factor L = ln(MB/ΛQCD)/ ln(µ/ΛQCD) was introduced to take into account perturbative corrections where µ is
the normalization point of the OPE and ΛQCD is the QCD scale parameter.
The expression for the in-medium condensates are given in reference [14], but for the quark condensate the Nambu-
Jona-Lasinio (NJL) model will be used [17]. This choice is made because the expressions presented in [14] are not
2
valid for high densities and the quark condensate is the most important piece in sum rules. Using the Schwinger-













Mq = mq − 2GNJL〈q¯q〉ρB (10)
Here Nc is the color number, ΛNJL is a cutoff, GNJL is the coupling constant, mq is the current quark mass and Mq is
the constituent quark mass which is dynamically generated by a partial restoration of chiral symmetry (PRCS). With
the appropriate choice of these parameters the model gives us good results for the pi-meson mass, fpi, constituent quark
mass, condensate, etc. As a consequence of the introduction of this model we have two new parameters. Actually,
these are the principal parameters because if we take the ratio of finite-density and zero-density sum rules, the results
are not sensible to the choice of the parameters µ (' 700 MeV) and ΛQCD (100 MeV <ΛQCD < 200 MeV) [14].
Following the procedure presented in Ref. [14] the predictions for M ∗(QCD), Σv(QCD), s0 and λ
2 are obtained by






















Here Πs, Πu and Πq denote the right sides of Eqs. (6-8), respectively. In that analysis, the three-momentum is fixed
at |q| = 270 MeV (approximately the Fermi momentum).
Now that we have obtained M∗ and Σv through QCD methods, we can eliminate all parameters coming from QHD.































where the asterisks in the meson masses and in the coupling constants stand for in-medium quantities. In agreement





























|k|2 +M∗2(QCD) . (14)
where were used the results (12) and (13). Therefore, an expression for energy density of nuclear matter that is
independent of QHD parameters was obtained. In fact, the expression (14) is dependent on the theory used to
calculate the self-energies.
Now the main results and comments are presented. Using the current quark mass mq = 7 MeV and the parameters
ΛNJL = 783 MeV and GNJLΛ
2
NJL = 3.5 the result for the energy density is presented in the upper part of the figure




−M = −15.75 MeV at kF = 1.3 fm−1. (15)





















































FIG. 1. Upper part: Binding energy by nucleon in nuclear matter as function of Fermi momentum obtained using pure QHD
model (dotted line) and using the QCD sum rules results (solid line). Lower part: The ratios of coupling constants by mass of
the scalar (solid line) and vector (dotted line) mesons.















Using ms = 520 MeV and mv = 783 MeV [4] the values obtained for the coupling constants are gs ≈ 109.86 and
gv ≈ 191.46. These results agree completly with the values presented in reference [4]. Furthermore, we know that
in QHD models (QHD I, QHD II, QHD with vacuum fluctuation corrections, etc.) only the ratios (16) and (17)
appear in their equations, thus the fact of the coupling constants and the mesons masses decrease (or increase) with
the same rate conspires for QHD-type models to obtain their success. We can also observe from figure 1 that after
the saturation point there is a decrease of the ratio g∗v/m
∗
v. This result is in agreement with the observation made in
Refs. [18] and [19]. On the other hand, there is an increase of the scalar ratio that may be a result of the anomalous
dimension in the scalar-meson mass at high densities [18].
From relations (16) and (17) we can write g∗s/gs ≈ m∗s/ms and g∗v/gv ≈ m∗v/mv. Therefore, the so-called Brown-Rho

























The nucleon effective mass may be also scaled somewhat different [21]. Now let us pay our attention to the scalar
sector, Eq. (16), that must be studied with more details. As we have already discussed, the scaling presented by scalar
coupling constant does not make influence in QHD results. In fact, if we use BR scaling law we have M ∗N = MN −g∗sφ
with φ = F(M∗N )g∗s/m∗2s where F is a constant dependent on M∗N . Thus, in QHD equations, the scalar ratio g∗2s /m∗2s
will always appear and as a consequence the in-medium behavior of g∗s is hidden for the variation of m
∗
s . We must
note that this consideration is valid only in infinite nuclear matter calculation, with QHD-type models and mean
field approximation (MFA) It is also not true for non-linear sigma model [4] in which is necessary to introduce new
parameters whose the density dependency is not known. For finite nuclei the in-medium behavior of the coupling
constants can be important, because the scalar field as well as the vector one are not constant anymore and they do
not have an explicit dependence on the ratios (16,17).
Considering finite spherical nuclei, the simple QHD I model, in the MFA, results in a Dirac equation for the baryon
field, which is written as
{−iα ·∇ + g∗vV0(r) + e
1
2
(1− τ3)A0(r) + β[M − g∗sφ0(r)]}ψ(x) = Eψ(x) (19)
where the mesons and the photon fields obey the following Klein-Gordon equations
(∇2 −m∗2s )φ0(r) = −g∗sρs(r) (20)
(∇2 −m∗2v )V0(r) = −g∗vρB(r) (21)
∇
2A0(r) = −eρp(r) (22)
where ρs, ρB and ρp are the scalar, vector and proton densities, respectively. Solving these equations self-consistently
with (coupling constant and mass dependent on density) and without (coupling constant and mass independent of
density) scaling we obtain a measure of the importance for this hypothesis.











where η = 0.28, mv = 783 MeV and ρ0 = 0.1484 fm
−3 is the empirical equilibrium density of nuclear matter
(parameter from [18]). Another possibility is to use directly the BR scaling law, Eq. (18), where the in-medium
nucleon mass is determined from QCD sum rules. This possibility will be named “BR-scaling” (BRS). The last way



























This last possibility will be named “non-linear scaling” (NLS). The free-space scalar meson mass can not be precisely
determined, so the value ms ≈ 700 MeV will be used, which is compatible with Refs. [18,21]. Once the in-medium


















where the ratios above mentioned represent the results obtained in (12) and (13). The calculation for 16O was made
for the various possibilities (BR-formula, BR-scaling and non-linear scaling) and the neutrons binding energies are
tabulated in Table 1. To have a comparison base, the experimental results are presented too. The calculation without
scaling was also made, but they do not present bound states for a high scalar meson mass. Bound states can be
obtained in a model without scaling if an artificial small value for the scalar meson mass is used [1,4]. This result
already shows us the importance of the scaling.
5
State BRF BRS NLS Experimental
1s1/2 −50.80 −32.37 −41.01 −40 ± 8
1p3/2 −22.60 −11.89 −16.23 −18.4
1p1/2 −6.76 −5.69 −6.19 −12.1
TABLE I. Neutrons binding energies for 16O. In the BRF column we have the results using the formula (23). In the BRS
column it was used the BR-scaling law with a linear scaling for the nucleon mass and in the NLS it was used a non-liner scaling
for the nucleon mass. The result of QCD sum rules for the in-medium nucleon mass was used in BRS and NLS columns. In
the last column there are the experimental results.
We can get from the table 1 that the non-linear scaling results are in better agreement with the experimental results.
Furthermore, when compared to the BRF result, the NLS result has the advantage of not using extra parameters.
Comparing the BRS and NLS results we can conclude that the nucleon must obey the scaling given by Eq. (25) and
not a simple BR-scaling, Eq. (18). This fact justifies the use of an additional term in the model with BR scaling of
Ref. [18]. Actually, the real nucleon effective mass, named Landau mass in Ref. [18], has a different scaling from that
given by the BR-scaling law. The study of that model and a possible dependence on density of the extra term will be
studied in a future work.
In summary, we can say that the scaling is not so apparent when we use QHD-type models in infinite nuclear matter
problems because only the ratios of the mesons coupling constants and the respective mesons masses appear in that
calculation and the QCD sum rules prediction shows us these ratios are practically independent of density. Therefore,
this fact can explain the success of the QHD-type models that use coupling constants and mesons masses which are
independent of density. On the other hand, it was discussed that scaling is important in finite nuclei calculation and
it must be take into account if we consider more realistic scalar meson mass.
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